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To grandmother Cira and her sisters, in loving memory. 

Abstract. For any stratified pseudomanifold X and any action of the unit circle S 1 
on X preserving the stratification and the local structure; the orbit space X/S 1 is also 
a stratified pseudomanifold. For each perversity q in X the orbit map tt : X — > X/S 1 
induces a Gysin sequence relating the g-intersection cohomologies of X and X/S 1 . The 
third term of this sequence can be given by means of a spectral sequence on X/S 1 whose 

C 1 

second term is the cohomology of the fixed points' set X s with values on a constructive 
sheaf. The above statements generalize a previous work on stratified pseudomanifolds 
with length 1. 



Foreword 

A stratified pseudomanifold is a topological space X with two features: the stratifica- 
tion and the local conical behavior. The stratification is a decomposition of X in a family 
of manifolds, called strata, endowed with a partial order of incidence. The union of open 
strata is a dense smooth manifold called the regular part, its complement £ is the singular 
part of X. The local conical behavior is given by the existence of charts, the trivial model 
being a product U x c(L) where U is a smooth manifold and c(L) is the cone of a compact 
stratified pseudomanifold L with lower length, we say that L is a link of U. 

When S 1 acts on X preserving the stratification and the local structure, then the orbit 
space X/S 1 is again a stratified pseudomanifold. The orbit map n : X — > X/S 1 preserves 
the strata and, for each perversity q in X, it induces a long exact sequence, the Gysin 
sequence 



Ht{X) - ^(X/S 1 )) 4 H^iX/S 1 ) $ H*:\X) 



which relates the g-intersection cohomologies of X and X/S 1 . The connecting homomor- 
phism d depends on the Euler class e G H_(X/S 1 ); it vanishes if and only if there is a 
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foliation on the regular part of X transverse to the orbits of the action [T%j . 

The third complex ^'(X/S 1 ) in the above expression is the Gysin term induced by the 

action. Its cohomology H* (Q (X/S 1 )) depends on basic cohomological data of two types: 
local and global. There is a second long exact sequence 



^(W 1 )) - H'izoto^x/s 1 )) ^ h^x/s 1 ) A H i+1 (g w (x/^)) 



where e is a perversity in X/S 1 vanishing on the mobile strata. The residual term 
H* (Qotv^X/S 1 )) is calculated trough a spectral sequence whose second term E 2 = 
H J (X s1 ,V') is the cohomology of the fixed points' set X s1 with values on a graduated 
constructible sheaf V . For each fixed point x £ X, the group S 1 acts on the link L of 
the stratum containing x and the stalks 



V 



H'iZoto-iL/S 1 )) i<q(x)-3 

ker{d> : H**- 1 (ZotO^L/S 1 )) - Hl^(L/&)} i = q(x) - 2 

ker{3 : lf {x) ~ l (G-iL/S 1 )) h! (x)+1 (L/S 1 )} i = q(x) - 1 

i> q(x) 

are related to the Gysin sequence and the residual term of L. 

Henceforth, when we write the word manifold we are talking about a smooth differential 
manifold of class C°°. 



1. Stratified Spaces 

Recall the definition of a stratified spaces. The reader will find in ^B] a detailed 
exposition. 

1.1. Stratified Spaces: Let X be a Hausdorff, paracompact, 2nd countable topological 
space. A stratification of X is a locally finite partition S whose elements are called 
strata, and satisfy: 

(1) Each stratum with the induced topology is a connected manifold. 

(2) For any two strata S, S' £ «S; if S D S' then S C S'. In that case we say that S is 
in the border of S', and we write S < S'. 

(3) There are open strata on X, all of them having the same dimension. 

We say that X is a stratified space whenever it has some stratification S. ft 

The are also called regular. The regular part of X is the union of regular 

strata, it is a dense open manifold. A singular stratum is a non-regular stratum. The 
singular part ScXis the complement of the regular part. 
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The border relationship (2) is a partial order. A stratum is maximal (resp. minimal) 
if and only if it is regular (resp. closed). Since the stratification S is locally finite, strict 
order chains 

5*0 < S\ <C ■ ■ ■ <! iS; 

on S are always finite. The length of A is the supreme of the integers I such that there 
is a strict order chain as above; we write it len(A). 

Examples 1.2. Here there are some examples of stratified spaces. 

(1) For each manifold, the family of its connected components is a stratification. 

(2) For each stratified space X and each manifold M, the canonical stratification of M x X 
is 

{S x S' : S is a connected component of M and S' is a stratum of X'} 

(3) For each compact stratified space L, the cone of L is the quotient space 

c(L) = L x [0,oo)/L x {0} 

We write [p, r] for the equivalence class of a point (p, r) , and * for the equivalence class 
of L x {0}, which we call the vertex of the cone. The family 

{*} U {S x R + : S is a stratum of L} 

is a stratification of c(L). By convention we state c(0) = {*}. The radium of the 
cone is the function p : c(L) — ► [0, oo) given by p[p, r] = r. For each e > we write 
c e (L) = p _1 [0,e), it is also a stratified space. X 

Let X be a stratified space. For each paracompact subspace Y G X the induced 
partition is 

Sy/x = {C '■ C a connected component of Y Pi S, S a stratum of X} 
If this family is a stratification of Y", then we say that Y is a stratified subspace of X. 

A function a : X — ► A' between two stratified spaces is a morphism (resp. isomor- 
phism) if 

(1) a is a continuous function (resp. homeomorphism) . 

(2) a preserves the regular part, i.e. a(X — E) C (A' — £'). 

(3) a sends smoothly (resp. diffeomorphically) strata into strata. 

In particular, a is an embedding if a (A) C Y is open and a : A — > a (A) is an 
isomorphism. For instance, the inclusion c 6 (L) A c(L) is an embedding, and the change 
of radium 

/ : c(L) — > c e (L) [p, r] i— > [p, e • arctan(r)/7r] 

is an isomorphism. 
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1.3. Stratified actions Take a stratified space X, a compact abelian Lie group G and 
a continuous effective action 

We will write <&(g,x) = gx, B = X/G and tt : X — > B for the orbit map. We will say 
that $ is stratified whenever 

(1) The action $:GxX^Xisa morphism, its restriction to X — E is free. 

(2) For each singular stratum S in X, the points of S have all the same isotropy Gs- 
By convention, a stratum S in X is mobile (resp. fixed) if Gs ^ S 1 (resp. Gs = S 1 ). 

Lemma 1.4. The orbit space of a stratified action is a stratified space. 

Proof. By ^1.34 -(1) . for each g G G the function $ 9 : X — > X given by $ g (x) = gx is an 
isomorphism. By ^1.3t -(2). for each stratum S of X the restriction it : GS — > 7r{S) is a 
smooth locally trivial fibre bundle with fiber G/Gs- Since G is compact; B is a Hausdorff, 
paracompact, 2nd countable space |2j. The family 

(1) Sb = {k(S) : S is a stratum in X} 

is a locally finite partition of B\ the border relationship passes from X to B through the 
orbit map. Hence Sb is a stratification of B. □ 

The family Sg in equation (JIJ) is the stratification of B induced by the action $. 

The orbit map is a morphism by construction. 

2. Stratified Pseudomanifolds and Unfoldings 

Stratified pseudomanifolds were introduced by Goresky and MacPherson in order to 
extend the Poincare duality to the family of stratified spaces. The reader will find in PQ 
and jB] a detailed exposition of the subject. 

2.1. Stratified Pseudomanifolds Let X be a stratified space, S a stratum of X. A 
chart of S in X is an embedding 

a : U x c(L) -> X 

where c(L) is the cone of a compact stratified space, U C S 1 is open in 5 and a(u,*) = u 
for each u G U . Notice that len(L) < len(X). 

The definition of stratified pseudomanifolds is made by induction on the length: we say 
that X is a stratified pseudomanifold if for each stratum S there is a family of charts, 

A s = {a : U a x c(L) -> X} a 

such that {t/ojo, is an open cover of S, and L is a compact stratified pseudomanifold 
which only depends on 5, we call it a link of S. X 

For any stratified pseudomanifold the link of the regular strata is the empty set. Any 
open subset of a stratified pseudomanifold is a stratified pseudomanifold. 
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Examples 2.2. Here there are some examples of stratified pseudomanifolds. 

(1) Every manifold with the canonical stratification is a stratified pseudomanifold. 

(2) For each stratified pseudomanifold X and each manifold M, the product M x X is a 
stratified pseudomanifold. 

(3) If L is a compact stratified pseudomanifold then c(L) is a stratified pseudomanifold. 

Recall the definition of an unfolding, we use it in order to define the intersection coho- 
mology of a stratified pseudomanifold by means of differential forms. For an introduction 
to the unfoldings and their properties, see [2*T] . 

2.3. Unfoldings Let X be a stratified pseudomanifold. An unfolding of X is a manifold 
X; a surjective, proper, continuous function 

L : X -> X 

and a family of unfoldings {L^ : L — > L}l of the links of X; satisfying: 

(1) The restriction L : L _1 (X — S) — > X — E is a smooth trivial finite covering. 

(2) Each z G L _1 (S) has an unfoldable chart; i.e., a commutative diagram 

U x L x R A X 
[/ x c(L) A X 

where 

(a) a is a chart. 

(b) 5 is a diffeomorphism onto L _1 (Im(«)). 

(c) Left vertical arrow is c(u,p,t) = (u, [L L (p), \t\]) for each u G U, p G L, t e M. 
We say that X is unfoldable when it has an unfolding. 

Let L : X — > X, L : X' — > X' be two unfoldings. A morphism a : A — > X' is said to be 
unfoldable if there is some smooth function 5 : X — > X' such that the following square 

X A X' 
x A X' 

is commutative. 4k 

2.4. Examples These are some examples of unfoldings. 

(1) For each manifold M the identity % : M — > M is an unfolding. 

(2) If L : X — > X is an unfolding then the product zxL:MxX— > M x I is also an 
unfolding for any manifold M. 

(3) If Ll : -L — > L is an unfolding on a compact stratified pseudomanifold L; then the 
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arrow c:IxR^ c(L) given by the rule c(p,t) = [Ll{p), \t\] is an unfolding (cf. the left 
vertical arrow in diagram §2.3l -(2)). 

Lemma 2.5. Let L : X — > X be an unfolding. Then 

(1) The restriction L : L~ 1 (A) — > A is an unfolding for each open subset Ac X. 

(2) The restriction L : L~ 1 (S) — »■ S is a smooth locally trivial fiber bundle with fiber L, 
for each singular stratum S with link L. 

3. Intersection Cohomology 

Between the various ways for defining the intersection cohomology; the reader can see 
jH] for a definition in ^/-stratified pseudomanifolds; [7] , ^T] , for a definition with sheaves; 
[T3] for an approach with L 2 -cohomology; [I] for an exposition in Thorn-Mather spaces. In 
this article, we use the DeRham-like definition of intersection cohomology as it is exposed 
in j2H- 

3.1. Liftable Forms Let's fix an unfolding L : X — > X. A form uj G Q* (X — E) is 
liftable if there is a form uj G Q* (X) such that L*(cj) = uj on L~ 1 (X — E). If such an 
exists then it is unique by density; we call it the lifting of uj. If uj, rj are liftable forms 
then duj is also liftable and we get the following equalities: duj = du, uj + rj = uj + rj, 
uj A r) = uj A rj . The liftable forms constitute a differential graded commutative algebra. 

3.2. Intersection Cohomology Let p : M — > B be a surjective submersion. A smooth 
vector field £ in M is vertical if it is tangent to the fibers of p. Write for the contraction 
by £. The perverse degree ||a;|| B of a differential form uj G Q(M) on B is the first integer 
m such that, for each vertical vector fields £o> •••,£mj 

• • "iuH = 

Since contractions are antiderivatives of degree —1, for each uj, v G Q(M) 
(2) \\uj + u\\ B < max{||a;|| B , \\v\\b} \\v A v\\b < ||^||b + 

By convention ||0|| B = — oo. 

We define the DeRham-like intersection cohomology of X by means of liftable differen- 
tial forms and an additional parameter which controls their behavior when approaching 
to E. This new parameter is a map q which sends each singular stratum S in X to an 
integer q(S) G Z; we call it a perversity in X. 

For instance, for each integer n G Z we denote by n the constant perversity assigning 
n to any singular stratum. The top perversity in X is defined by t(S) = codim(S') — 2 for 
each singular stratum S. 
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Fix a perversity g. A g-form on X is a liftable form uj on X — E satisfying 

max{||u;||,s, ||da;||5} < q(S) V5 singular stratum 

where, with a little abuse of language, we denote by \\lj\\s the perverse degree of the 
restriction uj |t -i with respect to the submersion L : L _1 (5') — > 5. The g-forms 

1j (5) 

define a differential subcomplex Q*_(X) whose cohomology H_(X) is the g-intersection 
cohomology of X. 

Take two unfoldings L : X — > X and L' : X' —>■ X'. An unfoldable morphism is a 

commutative square 

X A X' 

l L ! L ' 

where a is a morphism and 5 is a smooth function, it is a lifting of a. Given a perversity 
g in X' write still q for the perversity induced in X in the obvious way. For each singular 
stratum S the restriction of a to h~ (S) preserves the perverse degree; so a induces a 
well defined morphism 

a* : Hl(X') ^ Hl(X) 
3.3. Some properties of intersection cohomology 

(a) H (X) does not depend on the particular choice of an unfolding, for any perversity q. 

(b) If q > t then H*(X) = H* {X - S) is the DeRham cohomology of X - E. 

(c) If q < then H (X) = H*(X, E) is the relative cohomology of the pair. 

(d) If X is a manifold and < q < t then H (X) coincides with the DeRham cohomology 

H*(X). 

(e) For any two perversities p, q; the wedge product of the forms takes into account the 
perversities in the following way: 



h;{x) x h;(x) a h£{X) 

In particular, the O-intersection cohomology H (X) is a differential graded algebra and 
H (X) is an f/_(X)-module for any perversity q. A controlled form is a 0-form. 

4. Modelled Actions 

Now we introduce the family of action which we will use all along this work, we call 
them modelled actions. 
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4.1. Modelled Actions: Let $:GxI->Ibea stratified action. We say that $ is 
modelled if it satisfies conditions MAI and MAII stated below. 

MAI For each singular stratum S there is a modelled action : G$ x L — > L of the 
isotropy subgroup on the link of S. 

A modelled unfolding of X is an unfolding L : X — > X in the usual sense, together 
with a free smooth action $:GxI->I such that L is equivariant and: 

(1) For each link L of X the induced unfolding L^ : L — > L is modelled. 

(2) For each singular stratum S and each z G L~ 1 (S') there is a modelled chart; i.e., an 
unfoldable chart as in H2.'SY (2). such that 

(a) The diagram §2.3l -(2) is Gs-equivariant. Here the action of Gs on U x c(L) is 
given by the rule g(u, \p,r}) = (u, [gp,r]). The free action of G,s on U x L x R is 
defined as well. 

(b) The transformations of G are cone-preserving: For each u G £/, g G G; if 

x c(L))) fl Im(a) 7^ then the arrow 

a _1 $ s a \ u : {u} x c(L) — > {^u} x c(L) 
is an (unfoldable) isomorphism and preserves the radium p : U x c(L) — > [0, 00). 
MAII X has a modelled unfolding. X 

Remark 4.2. If len(X) = then S = and the conditions MAI, MAII are trivial. If 
len(X) = 1 then MAI is trivial again; condition MAII can be simplified taking into 
account the existence of an equivariant normalization of the action; see ^1] and ^B] . 

Remark 4.3. Modelled actions constitue a category of actions. There are modelled mor- 
phisms, and they preserve the Euler class of the orbit space. We will have to wait untill 
^5.81 before we can describe them in a precise way. 

Examples 4.4. Here there are some examples of modelled actions: 

(1) If^l/:GxL^Lisa modelled action with a modelled unfolding : L — >• L; 
then for any manifold U the induced action 

$ : G x U x c(L) — > U x c(L) g(u, \p,r]) = (u, [gp,r]) 

is modelled. The canonical unfolding c : U x L x K. — > U x c(L) given in diagram 
(2) is a modelled unfolding. 

(2) Let X be a Thorn-Mather space. Any stratified action $:GxI^I preserving 
the tubular neighborhoods is a modelled action (see [22] )• 

(3) If X is a manifold and $ is a smooth effective action; then X can be endowed with 
the decomposition in orbit types. This decomposition is a stratification and X 
inherits an equivariant Thorn-Mather structure. By example (1) $ is a modelled 
action. 
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The main feature of modelled actions is that they preserve the category of unfoldable 
pseudomanifolds. 

Proposition 4.5. For each modelled action $ : G x X — > X 

(1) The orbit space B = X/G is a pseudomanifold. 

(2) The induced map Lb ■ B — X/G — ► B given by the rule Lb(tt(x)) = ir(L(x)) is an 
unfolding. 

(3) The orbit map it : X —> B is an unfoldable morphism. 

Proof. Notice that, by fll.41 B is already a stratified space and n : X — > B is a morphism. 

(1) We verify the existence of charts in B. Proceed by induction on I = len(X), for 
/ = it's trivial. Take some singular stratum S with link L. Applying induction, by MAI 
the quotient L/G,s is a stratified pseudomanifold. Fix a modelled chart on S 

U x L x R ^ X 
U x c(L) A X 

whose existence is given by MAIL Assume that U = WV where W C G is a contractible 
open neighborhood of 1 G G, V a slice in S. Write til '■ L — > L/Gs for the orbit map. 
Since a is G^-equivariant, the function 

(3 : V x c(L/G 5 ) ^ B [7r L (p),r]) = vra(y, [p,r]) 

is well defined, we will show that it is an embedding: 

• P is injective: Because V is a slice in S and by condition S j4.U -(2.b). the transfor- 
mations of G are cone-preserving. 

• p is continuous: Because B, L/Gs have the respective quotient topologies. 

• P is open: Let A C V x c{L/Gs) be an open subset, z G A. Take a compact neigh- 
borhood z G A" C A. Since /3 : A — > P(K) is a continuous bijection from a compact space 
onto a Hausdorff space, it is a homeomorphism. There is an open V C V and e > such 
that 

zeA' = V'x c e {L/G s ) C A c A 
So /? : A' — > P(A') is a homeomorphism. We claim that 

P(A') = 7r(a(W x c £ (L))) 

the second set is open because WV G U is open in 5* and the orbit map 7r is open. In 
order to sow the above equality take a point n(a(wv, \p, r])) G 7r(a(WV' x c e (L))). Then, 

= = «e Im(a) 

By condition ^4.H -(2.b). a; -1 ^" 1 ^ : wv x c(L) -»«x c(L) is an isomorphism and preserves 
the radium. So 

n(a(wv, [p,r])) = 7r(a(u, [p',r])) = [ir L {p'),r]) 
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This proves that (3{A') D n(a(WV' x c e (L))). The other inclusion is straightforward. 
• (3 is an embedding: On V x {*} the restriction (3 : V x {*} — > 7r(V) given by 
PiVi*) ~~ > ft(y) is a diffeomorphism. For each stratum R d L there is a stratum S'cl 
such that a(Vxi?xR + ) c S'. Since a is Gg-equivariant, we get the following commutative 
diagram 

V x G S R x M+ A G5" 

V X 7T L {R) x R+ 4 tt(5') 

where the vertical arrows are submersions. So f3 is smooth on V x ttl(R) x R + because a 
is smooth on V x Ggi? x R + . The same argument can be applied to the inverse (3~ l . Up 
to a change of variable, we can assume that (3(v,-k) = iNv. 

(2) By MAII, the function Lb is well defined because L is equivariant. If S = the 
proof is immediate, because X is a smooth equivariant finite trivial covering of X. In 
general, if S ^ then by the above remark Lb satisfies JSU-(l). 

Now we will prove that the charts given in the first step of this proof are unfoldable; 
this will show ^2.3l -(2). We apply induction on I = len(X). For I = there is nothing to 
do. Take a singular stratum S with link L. By induction, the Gg-equivariant unfolding 
L L : L —> L induces an unfolding L L / Gs : L/G$ — > L/G$- For each modelled chart a as 
in the first step of this proof, the lifted 5 satisfies a smooth-like property analogous to 
^4.1l -(2.b). Hence, the arrow 

(3: V x L/Gs x R -> 7r(Im(5)) (3{y,n L {p),t) = ™{y,p,t) 

is well defined, injective and a smooth embedding onto an open subset of B. Notice that 
(3 is the lifting corresponding to the map f3 given above. In consequence 

V x L/G s x R 

i c 

V x c(L/G s ) 
is an unfoldable chart in B. The details are left 

(3) It is immediate from the first two statements. □ 

5. Invariant Forms 

Some results of this § where taken of [§], [121; t nese references deal with smooth non-free 
circle actions on manifolds, but the same proofs still hold in our context. The usual case 
of a smooth free circle action can be seen for instance in [H]. 



A B 

4 B 

to the reader. 
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From now on, we fix a pseudomanifold X, a perversity q in X, a modelled action 
$ : S 1 x X — » X and a modelled unfolding L : X — » X. 

5.1. Invariant forms A g-form w on J is invariant if for each g G S 1 the equation 
g*{ui) = to holds. Since 

X ^ X 
X ^ X 

is an unfoldable isomorphism, g* : fT(X) — > Q*_(X) is an isomorphism of differential 
complexes. Invariant g-forms define a differential complex, denoted 1Q_(X). The inclusion 

• : ml(X) -> fil(X) 

induces an isomorphism in cohomology. 

Next we will study the algebraic decomposition of an invariant g-form. This decom- 
position depends on the existence of an unfoldable invariant riemannian metric and an 
unitary smooth vector field tangent to the orbits in the regular part. 

5.2. Definitions The Fundamental vector field on X is the smooth vector field C 
defined on X — E by the rule 

d 

C x = d$ x (—) \ g=1 
dg 

The fundamental vector field C never vanishes because X — E has no fixed points. The 
lifted action $ : S 1 x X — > X defines a fundamental vector field C on X. Notice that 
U(C) =C on L _1 (X-E). 

An unfoldable metric on X is an invariant riemannian metric fi on X — E such that 
there is an invariant riemannian metric Jl on X satisfying: 

(1) L*(fi) =/IinI J ~ 1 (X-E). 

(2) n(C,C)=Ji(C,C) = l. 

(3) For each mobile stratum S and each vertical vector field v with respect to the 
submersion L _1 (iS') —> S; we have Ji(C, v) = 0. 

For each modelled action in X there is an unfoldable metric; the reader will find a proof 
in 0. 

Given an unfoldable metric \x on X\ the characteristic form induced by \x is the 
invariant 1-form \ defined by the rule x( v ) — ^(C,v). 
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Lemma 5.3. The characteristic form x satisfies 

II II J 1 S a fixed stratum 
' ' 1 S a mobile stratum 

Proof. By the characteristic form x on X — E lifts to the characteristic form \ 

on X. The perverse degree of x is immediate from H5.'2Y (2) and (3). □ 

Each unfoldable metric \i in X induces an algebraic decomposition of the invariant 
forms. This decomposition is important in order to give a suitable presentation of the 
elements composing the Gysin Sequence of X. 

5.4. Decomposition of an Invariant Form A form 7] on X — E is basic if one of the 

following equivalent statements holds: 

(a) rj is invariant and tc{v) — 0. 

(b) There is a unique differential form 9 on B — E = ir(X — E) such that t] = it* (6). 
Notice also that if rj is basic then 

= L c {rj) = dt c {rj) + i c d{r)) = i c d(rj) 

where Lc is the Lie derivative with respect to the fundamental vector field. 

For each invariant form u G I^*(X — S) there are v £ Q* (B — E) and 6 £ VL* (B — E) 
satisfying 

uj = 7i*(v) + xAir*(6) 

The above expression is the decomposition of uj. The forms v, 9 are uniquely determined 
by the following equations 

ix* (6) = i c {uj) tt*(u) = to - x A %c{oj) 

When uj i a liftable form then 

UJ = %*(v) +X A7f*(0) 

So lift respectively to u, 9. X 

The first object involved in the Gysin sequence of X is the orbit map 7r : X — > 5. For 
each perversity g in X, 7r induces a well defined morphism in intersection cohomology 

(3) TV* : Hl(B) ^ Hl(X) 

As we shall see later, the Gysin sequence is a long exact sequence containing this map. 
Now we prove that this arrow makes sense; it is enough to study the behavior of n with 
respect to the perverse degree of an invariant g-form and its algebraic decomposition. 
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Lemma 5.5. Take a perversity q on X , write also q for the perversity induced on B in 
the obvious way. Then the arrow 

vr* : nl(B) -> ml(X) 

is well defined. What's more, for each invariant form uj = n*(u) + x A 7r* (6 1 ) and each 
singular stratum S, we have 

\\u\\ s = max{ || v\\ w (s), \\x\\s + ||0||tt(S)} 

Proof. See 0. □ 

Since it* commutes with the differential d; the arrow Q is well defined. 

The second object that appears in the Gysin sequence of X is an intersection cohomol- 
ogy class in B uniquely determined by the action $; we call it the Euler class. Up to this 
point, the situation is the analogous of the smooth case. 

5.6. The Euler class of a modelled action Take an unfoldable metric /i on X, \ the 
characteristic form induced by /i. The differential form dx is basic, so there is a unique 
form e on B — E such that 

d x = vr*(e) 

This e is the Euler form induced by the action $ and the metric /x. Since \i is unfoldable, 
e lifts to the Euler form e on B induced by the metric fx. 

The Euler class is the intersection cohomology class e — [e] £ Ht{B) of the Euler 
form e with respect to a perversity e in B called the Euler perversity. This e is defined 
by induction on the length. More precisely, for each singular stratum S in X: 

(1) If S is mobile then we define e(ir(S)) = 0. 

(2) If S is fixed with link L and and the Euler class El £ H_ (L/S 1 ) vanishes, then 
we define e(w(S)) = 1. 

(3) If S is fixed with link L and el £ H_ (L/S 1 ) ^ 0, then we say that S is a perverse 
stratum. For any perverse stratum S we define e(7r(S')) = 2. 

These properties determine the Euler perversity e in a unique way. Following [TK] . the 
Euler class vanishes if and only if there is a foliation T on X — E transverse to the orbits 
of the action. £ 

Next we show that the Euler class is well defined. 

Proposition 5.7. There is an invariant unfoldable metric n such that the Euler form e 
induced by \x belongs to Q_(B). 

Proof. We must give an unfoldable metric /i such that the induced Euler form e satisfies 

||e|U(s) < e(n(S)) 
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for any singular stratum S in X. By §5. 21 (3); we have ||e|| ff (5) = for any mobile stratum 
S. So we only have to verify the above inequality for any fixed stratum S in X. 

Proceed by induction on the length / = len(X). For / = the action is free, so there are 
no fixed strata, and the proposition trivially holds. We assume the inductive hypothesis, 
so for any fixed stratum S in X with link L; there is a metric /jLl such that the Euler 
form cl belongs to fLfX/S 1 ). The Euler class of the link el & H_ (L/S 1 ) makes sense, 
as well as the classification of S in perverse or non-perverse depending on the vanishing 
of El -see ^5.6l -(3). We will show that there is an unfoldable metric \i such that for any 
fixed stratum S in X we have 

(4) IMUts) = 2 S is a perverse stratum 

Such a metric will be called a good metric. Notice also that, by induction, we can assume 
that the metric fii given in the link L of S is a good metric. 

• Construction of a global good metric fi from a family of local ones: 

We give an invariant open cover U = {X a } a of X, and a family {fi a } a of unfoldable 
metrics such that each \i a is a good metric in X a . 

(a) The complement of the fixed points' set X Q = X — X s1 belongs to IA. We take on 
X an unfoldable metric /i - 

(b) For each fixed stratum S we take a family of modelled charts 

a : U a x c(L) — > X 

as in ^U -(2); such that {U a } a is a good cover of S. We put X a = Im(a) and take 

y, a = a~*(fi Ua + fj, L + dr 2 ) 

where \iu a (resp. hl) is a riemannian (resp. good) metric in U a (resp. in L). So 
\i a is a good metric in X a . 
Fix an invariant controlled partition of the unity {p a }a subordinated to IA. Define 

(5) /I = ^ Pa^a 

a 

• Goodness of p on a fixed stratum S: We verify the property (|1J) on S. 

(=^) Write x, e (resp. Xa, e a ) for the characteristic form and the Euler form induced 
by n on X (resp. by fi a on X a ). Notice that 

(6) dx = A X a "I - ^ ^ PadXa 

a a 

In the above expression, the first sum of the right side has perverse degree 1 (see 
ffi).3|) . Recall that, by ^5.51 ||e||„-(s) = ||rfx||s- If IMxIU — 2 then, by equation JBJ), 

IMXa||5nX a = ||ea||7r(5nx tt ) = 2 
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for some X a intersecting S. So El 7^ because fi a is a good metric. 
(<=) In the rest of this proof we use some local properties of intersection cohomology. 
In particular, we use the step cohomology of a product U x c(L/S 1 ) as it is defined 
in [TO]. In section ^7|the reader will find more details. 

Assume that ||e||„-(5) < 2 and take some X a = Im(a) £ U, the image of a mod- 
elled chart a on S. Write B a = ir(X a ) = U a x c(L/§ 1 ); so that \\e \ Ba \\ Ua < 2. 

Consider the short exact sequence of step intersection cohomology 

o - n*_(B a ) A n*_(B a ) ^ n: /x (B a ) -> o 

which induces the long exact sequence 

■ ■ • - Hl(B a ) K H: n (B a ) S Hl(B a ) - . . . 

The inclusion z e : L/S 1 — > f/ Q x c(L/§ 1 ) given by p ^ (x , [p, e]), induces the 
isomorphism 

where x £ t/ Q and e > 0. By the above remarks, (a>i e )~*(eL) = pr*[e \g a ] = 0; so 
e L = 0. 

□ 

5.8. Modelled morphisms Let $ : S 1 x X — > X be a modelled action. A perverse 
point in A is a point of a perverse stratum. We will rite X perv for the set of perverse 
points, which is the union of the perverse strata, and X s as usual for the set of fixed 
points. Let S 1 x Y — > Y be any other modelled action. An unfoldable morphism 

X -^-> Y 



L 



L' 



A -^-> y 

is said to be modelled if and only each arrow in the above diagram is equivariant and 

(1) a~\Y sl ) C X s \ 

(2) a-^y^™) C A pe ™. 

In other words, a modelled morphism is an equivariant unfoldable morphism which 
preserves the clasification of the strata. For instance, any modelled chart of a fixed 
stratum in A is a modelled morphism in this new sense. 

Theorem 5.9 (Functoriality of the Euler class). The Euler class is preserved by modelled 
morphisms: If a : X —> Y is a modelled morphism, then a*(ey) = ex- 
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Proof. Write ex, ey for the Euler perversities in the orbit spaces B x , B Y . Each modelled 
morphism a : X — > Y induces an unfoldable morphism in the orbit spaces 

Bx — — -* B Y 



L 



L' 



Bx — — B Y 

which we still write a with a little abuse of notation. In order to see that the arrow 
(7) a*:n: Y (By)^n: x (B x ) 
makes sense, we consider a third perversity a*[ey] such that the arrow 

a* : VI* (B Y ) -> & (B x ) 

is well defined and a*[eyl < ey. Then Q* _ (By) C fT (By) and the map (T7T) is the 
composition with the inclusion. 

The perversity a*[ey] in B x is given by the rule 

a*[e Y ](n(S)) = ey^(R)) 
for any singular strata S,R respectively in X,Y; such that a(S) C R. In this situation, 
we only need to show that a*[ey](7r(5)) < ex(ft(S)) or, equivalently, that 

If i? is mobile then S is mobile because a is equivariant, so ey(7r(_R)) = ex{^(S) = and 
the inequality holds. By the other hand, if R is fixed then the inequality is a consequence 
of ^5.81 since a preserves the clasification of the strata. □ 

6. The Gysin Sequence 

Take a stratified pseudomanifold X, a modelled action $ : 8 1 x X — > X with orbit 
space B = X/S l , and a perversity q in X. The orbit map it : X — > 5 preserves the strata 
and the perverse degree (see ^5.5J) . Passing to the intersection cohomology we get a map 

n* : Hl(B) ^ Hl(X) 

which is a string of a long exact sequence; the Gysin sequence of X induced by the ac- 
tion. The third complex in the Gysin sequence is the Gysin term; its cohomology depends 
at the same time on global and local basic data. Global data concerns the Euler class 
e G H*_(B) induced by the action $, while local data concerns the Euler classes of the 
links of the perverse strata. 

For instance, if S = then ir : X — > B is a smooth ^-principal fiber bundle; we get 
the Gysin sequence by integrating along the fibers. If X is a manifold and $ is a smooth 
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non-free effective action, then S 7^ and B is not a manifold anymore, but a stratified 
pseudomanifold. There is a Gysin sequence relating the DeRham cohomology of X with 
the intersection cohomology of B [5]. Something analogous happens for modelled actions 
on stratified pseudomanifolds with length < 1, cf. [To] . 



6.1. The Gysin Sequence Fix a modelled action $ : S 1 x X — > X on a stratified 
pseudomanifold X, and perversity q in X. Write still q for the obvious perversity induced 
on B. The orbit map ir : X — > B induces a short exact sequence 

- C (B) - ml +1 (x) S gl(B) - 

The complex is the Gysin term. There is a long exact sequence 

(8) H^\X) K H\Q^B)) *> H*\B) < 2 (X) - . . . 

This is the Gysin sequence of X. £ 

When the singular part of X is the empty set, then $ is a free smooth action and 
Ti : X — > B is a smooth principal fiber bundle with group S 1 ; so (JHJ) is the usual Gysin 
sequence. The cohomology of the Gysin term is H*(Q-(B)) = H* (B) is the DeRham 
cohomology and the connecting homomorphism is the multiplication by the Euler class 
(see jH]). When X has a nonempty singular part then, by < j3.31 for big perversities 
q > t the sequence (jH} is the usual Gysin sequence of X — E in DeRham cohomology; and 
for negative perversities q < it is the Gysin sequence in relative cohomology. In general; 
we could naively conjecture that H" (Q-(B)) = H*_(B) and the connecting morphism of 
the Gysin sequence to be the multiplication by the Euler class. As we will see, the real 
life is richer and more complicated. 



Although the Gysin term is a quotient complex, it can be written by means of basic 
differential forms. The characteristic perversity in B induced by the action is 



x«s)) = \\ x \ 



1 S a. fixed stratum 
S a mobile stratum 



Lemma 6.2. For each perversity < q < t in X, the Gysin term Q*-{B) is isomorphic 
to the following complex 

" ^ ' max{||i/||5, \\av + e A u\\s\ < q{o JVd perverse stratum J 

Under this identification, the connecting homomorphism is 

d : H\gJB)) Hl(B) d[9] = [du + e A 9] 
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Proof. The restriction it : X — £ — > B — S is a ^-principal fiber bundle. Consider the 
morphism of integration along the orbits 

defined by 

This morphism commutes with the differential. 



The Gysin term Q_(B) = m_(X)/%*(Q_ (B)) is a quotient with differential operator 

d(uJ) = dw, where u; is the equivalence class of a differential form u G Ifl (X). The 
integration along the orbits passes well to this quotient, 



The complex given in the statement of £ 16.21 is the image of the above arrow. The con- 
necting homomorphism arises as usual, from the Snake's Lemma. □ 

In some cases, the cohomology of the Gysin term is closer of our naive conjecture. 

Proposition 6.3. If X has no perverse strata then the Euler class belongs to H_(B) and, 
for each perversity < q < t, the Gysin sequence becomes 

■■■^H^\X)1 HljB) A H^\b) £ H^\X) -> . . . 

where the connecting homomorphism e is the multiplication by the Euler Class. If ad- 
ditionally X has no fixed strata, then the Euler class belongs to H (B) and the above 
sequence becomes 

► H*\X) X H'_(B) A Hl +2 (B) £ H'_ + \X) -> . . . 

Proof. By ^6.21 and the definition of %, e; the Gysin term is an intermediate complex 

(9) rtjB) c g*_(B) c n:_^B) 

Now X has no perverse strata iff x — & an d t ne extremes in the above inequality are 
identical. For the connecting homomorphism we take the formula in ^6.21 with v = 0. □ 

Corollary 6.4. If the Euler class e G H_(B) vanishes then 

h:(x) = h:~\b)®h:jb) 

for each perversity < q < t . If additionally X has no fixed strata, then 

H 7T (X)=H^B)®H(&) 
i.e., X is a cohomological product for intersection cohomology. 
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Proof. If the Euler class vanishes then X has no perverse strata. □ 

6.5. Residual approximations Now let's assume that X has perverse strata. We 
will define the residual terms; those terms allows us to measure the difference between 
H*(Q (B)) and the intersection cohomology of B. 

Consider the inclusions in the inequality Q. These inclusions provide the following 
short exact sequences 

-> ft'_^{B) Q*_(B) ^ £oro* (B) -> 

o -> gi{B) n;jB) z iL PP ;(B) -> o 

We call £oto (B) (resp. Upp (B)) the lower residue (resp. upper residue). The 
induced long exact sequences 

(10) • • • - rfjB) - H\Q^B)) Z> rf{totojB)) Z H^(B) 

(11) ■ ■ H\g^{B)) -> /^(S) S ^(ilpp ¥ (5)) £ H i+ \g^(B)) - . . . 
are the residual approximations. Next consider the cokernel 

-> fi* (5) fi* _(£) ^ fi* _ (B) -> 



;?-\ 

8-e 



its cohomology H___(B) is called the step intersection cohomology of -B [TO] - The 

residual approximations are related by the long exact sequences 

> H l (B)^H 1 JB) -> i£ _(£) 4 iT +1 (5) ^ ... 

q — e y ' Q — X q — x q — e v / 

• ■ - - H\ZotoJB)) - < (B) - iT&JB)) - ^(£ottL(J3)) - . . . 



q-c 



These sequences can be arranged in a commutative exact diagram; called the Gysin braid 



HIM 



Hi _{B) 



H'im^B)) 



H* + \ZonJB)) 



H\GJB)) 



Hi - (B) 



H l+ \gjB)) 



H l - (UppJB)) 



H\ZotoJB)) 



H l+1 (B) 

q — e x ' 



H i+ l(B) 
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7. The Gysin Theorem 

We devote the rest of this work to calculate the residual cohomologies. The final goal 
is to relate H (Q JB)) with basic local cohomological data by means of the residual ap- 
proximations; so we start this § with the local properties of the residues. An introduction 
to presheaves, sheaves and Cech cohomology can be found in [3], jS]; some results of this 
§ were taken from 



Recall that a presheaf V on X is complete (or it is a sheaf) iff, for any open cover 
U = {I ft } of X, the augmented Cech differential complex 

(12) -> V(X) ^ C°(U,V) ^ c\u,v) ^ C 2 (U,V) ^ ■ ■ ■ 

is exact, where C J (U,V) = V(X ao n • • ■ fl X a .) and 5 is given coordinatewise by 

ao<-"<Qij 

the alternating sum of the restrictions. Notice that (C (U,V),5) is a cohomological res- 
olution ofV(X). 

For each perversity q, the complex of g-forms ) is a presheaf on X (and also on 
B). The complex KT_(— ) of invariant g-forms is a presheaf on X but it is defined in the 
topology of invariant open sets; we can also see it as a presheaf on B up to a composition 
with the orbit map. The complexes £/*(—), £oro_(— ), and itpp (— ) are presheaves on B. 

Because of the existence of controlled invariant partitions of the unity, all these examples 
are sheaves. We will study their cohomological properties on the charts of B and X. 

Lemma 7.1. Let $ : S 1 x X X be a modelled action. Consider onRx X the (obvious) 

modelled action trivial in R. Then the projection pr : K x X — > X induces the following 
isomorphisms 

HL(mxX) = hL(x) H\g.(RxB)) = H\g.(B)) 

H\2atv-(R x B)) = H\2atv-(B)) H\iLpp_(R x B)) = H' (Hpp_(B)) 
Proof. See dU. □ 

Proposition 7.2. Let \I/ : S 1 x L — > L be a modelled action on a compact stratified 
pseudomanifold L. For each perversity < q < t and each e > the map i e : L — > c(L) 
given by p i— > [p, e] induces the following isomorphisms 



(13) HUciL/S 1 )) 



HliL/S 1 ) i<q(*) 
i > q(*) 
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Also 

(14) i7 l (g_(c(L/S 1 ))) = | ker [ d . H^-'iQ^L/S 1 )) - tff )+1 (L/S ] 
where d is the connecting homomorphism of the Gysin sequence on L. 



i = q(*) - 1 



Proof. For the first isomorphism see [21]. For the second one, we get a commutative 
diagram with exact horizontal rows 



-> H^(c(L/&)) ^ H; + \c(L)) -> H\g^c{L/^))) ^ H; +2 (c(L/&)) 

J, J, -J. J, 

where the vertical arrows are induced by % t : L — > c(L) and % t : L/S 1 — > c(L/§ 1 ). For 
i < <?(*) — 2 we have enough vertical isomorphisms. By the Five Lemma 

H\g^c(L/&)))=H'(g^L/&)) 

For i = q(~k) — 1 the two left vertical arrows are isomorphisms. In the upper right coin we 
get Hl M+ \c(L/S 1 )) = 0. So 

^ ( * )_1 (^_(c(L/§ 1 ))) = coker(vr*) = ker [^"'(^(L/S 1 )) ^ i/^ W+1 (L/§ 1 ) 

For % > q(*) the upper horizontal row has four zeros, thus H % (Q-(c(L /S 1 ))) =0. □ 

Corollary 7.3. In the same situation o/ §7.ifr if the vertex is not perverse then the Gysin 
sequence of c(L) is the Gysin sequence of L truncated in dimension i = q(~k) — 1. 



Proposition 7.4. In the same situation of §7.ifr if the vertex is a perverse stratum then 
the map t e : L — >• c(L) induces the following isomorphisms 

{ H\£ot»JL/&)) 



(15) H'iZonJciL/S 1 ))) 



And 



(16) tfW^L/S 1 ))) 



i < ?(*) - 3 

ker{3' : H° (S} - 2 (ZotoJL/S 1 )) - ^"(L/S 1 )} i = ?(*) - 2 



9— e 

ker{d : tf^^L/S 1 )) -» iT (S)+1 
. 

f ^(UppJL/S 1 )) 



(L/S 1 )} 



i = q (ic) - 1 
t > q(*) 

i < q(*) - 3 



ker[8"d : 2 (Upp_(L/S 1 )) -> flf W+1 (L/S 1 )] i = - 2 



j*(ker 9( * ) X (9)) 



t = 9 (*) - 1 
t > ?(*) 
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Proof. We get the following commutative diagrams 

- H^L/S 1 )) £ ^(^( c(L / S i))) - ^(Sottv^L/S 1 ))) £ H^liciL/S 1 )) -» 

(14) II II 

- ^(L/S 1 ) £ tfWVS 1 )) - iT^otT^L/S 1 )) £ fl^tyS 1 ) - 
and 

- ^(flL^L/S 1 ))) £ flJ^WL/S 1 )) - ff'^WL/S 1 ))) ^ fl^fiL^L/S 1 ))) 

(15) III I 

-> ^(^(L/S 1 )) £ ^(L/S 1 ) - ^(ilpp^L/S 1 )) £ fl^CL/S 1 )) 

where the horizontal rows are residual approximations and the vertical arrows are in- 
duced by the maps i t : L — > c(L) and i t : L/S 1 — >■ c(L/S 1 ). 

Since the vertex is a perverse stratum = 1 and e(*) = 2. In the above diagrams the 
case % < q(*) — 3 is direct from the Five Lemma and the case % > q(*) is straightforward. 
We verify the cases i = q(*) — 2 and i = g(*) — 1 proceeding in two steps. 

• Lower residue: For i = q(*) — 2, by H7.2\ the two left vertical arrows in diagram 
(14) are isomorphisms. In the upper right corner we get HTl (ciL/S 1 )) = 0. So 

For i = q(-k) — 1 the upper corners are zeros. By §7.21 and the exactness of the upper 
horizontal row, 

^ w - 1 (£oro T (c(L/§ 1 ))) = tf^-^WL/S 1 ))) = ke/ w («9) 

• Upper residue : For i = q(*) — 2; by ^7.2l the left vertical arrows in the diagram (15) 
are isomorphisms. Hence 

t e : ^(iipp^L/S 1 ))) -> ^^(ilpp^L/S 1 )) 
is injective. We get a commutative exact diagram 



0^ coker ¥W ~ 2 (.f > C (V §1 )) ^ W_2 (Hpp_(c(L/S 1 ))) -► ker^Cf, c^/S 1 )) ^0 

0^ coksr^^^.L/S 1 ) ^"'(ilpp^L/S 1 )) -f ker**' -1 ^* L/S 1 ) ^0 

«*)-*/ v ker gW ~V,L/Si) „ 



— ► coker (z € ) 



ker 1 ^ r (i*,c(L/Si)) 



I I 
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So i/' ( * ,_2 (ilpp_(c(L/§ 1 ))) is the kernel of the map 



re-.H^im ML/s 1 ))) 



**)-*„,.... , , r ker^ ; ~ (.f^/S 1 ) InT ; " (^L/S 1 ; 



ker 9W '(^^(L/S 1 )) Im'^^L/S 1 ) nker* W 

In the last equality we used £ 17.21 the exactness of the upper approximation and the fact 
that the third vertical arrow in the diagram (15) is injective. So we can identify the image 
of the third vertical arrow with ker 9( ) 1 (d), the kernel of the connecting homomorphism 
of the Gysin sequence on L. We deduce that ker(^) is the kernel of the composition 

H^-\Up Pl (L/^)) ^(W 1 )) ^(L/S 1 ) 

For % = q(-k) — 1 the first left vertical arrow in the diagram (15) is injective, the second 
is an isomorphism. In the upper right corner we get H Q (itpp_(c(L/S 1 ))) = 0. We obtain 
the exact commutative diagram 



0^ coker— a^L/S 1 )) ^ ^^(ilpp^L/S 1 ))) - 

0^ coker 9W \j,L/S 1 ) if" W '(ilpp^L/S 1 )) ker ?W (j, L/S 1 ) ^0 

Notice that 

ke/ M ~\t e ) - ker(^ - ^"V. VS 1 ) _ ^'"V, L/S 1 ) _ Im^Cf , 



Also 



^(Im^-'O^.cCL/S 1 ))) j*(Im* H ( l£ )) j*(ker* W_1 (0)) 



Im BW (j-.L/S 1 ) 
So we get a short exact sequence 

,*(ker^») ))) ^ Im ^)- (J%L/S i) 

We deduce that 

i-x v ' ' 



j*(ker 9( * > 1 (d)) 



This finishes the proof. □ 

Remarks 7.5. Statements §7.2, §7.3 and §7.4 imply that 

(1) For each fixed stratum S in X and each unfoldable chart /3 : U x c(L/S x ) — > Z?, 
ttatements we can calculate the cohomology of the Gysin term and the residues 
on the open Im(/3). 

(2) According to [T], Q* {—) is a constructible sheaf on B. Also £otu_(— ) and ilpp_(— ) 
are constructible sheaves on B with support on the perverse points' set X perv . 



24 G. PADILLA 

Theorem 7.6 (The Gysin Theorem). Let X be a stratified pseudomanifold, q a perversity 
in X , <q <t. For each modelled action S 1 x X — > X there are two long exact sequences 
relating the intersection cohomology of X and B: the Gysin sequence 

■■■^Hl + \X)^ H\g w (B)) *> H*:\B) ^ h i :\x) - . . . 

induced by the orbit map it : X — > B, and the lower approximation 

■ . - - H\g^{B)) - H\2oXo,(B)) £ H^(B) -> H"\QJB)) - . . . 

induced by the inclusion Vt*__(B) A Q*_(B). These sequences satisfy 

(1) //X /ias no perverse strata then Q* (B) = $T__(B) = fT __(.£?), £ott)_(.B) = and 
the connecting homomorphism of the Gysin sequence is the multiplication by the 
Euler Class e G H 2 _(B). 

(2) If X has perverse strata, then H* (2oxo-(B)) is calculated through a spectral se- 
quence in B, whose second term 

E* = H 3 (X per \V l ) 

is the cohomology of the perverse points' set X perv with values on a locally constant 
graduated constructible presheafV* . For each fixed point iGl the stalks 

' hXZoXo^L/S 1 )) i<q(S)- 3 

ker{6" : H n(S) ~ 2 (2oXO-(L/&)) - i^^L/S 1 )} i = q(S) - 2 



V 



hsri^'^gJL/S 1 )) ^ //I (5)+1 (L/§ 1 )} i = q(S) - 1 



i > q(S) 

depend on the Gysin sequence and the residual approximation induced by the 
action o/S 1 on of the link L of the stratum containing x. 

Proof. Statement (1) has been already proved in the preceding sections. Statement (2) 
arises from the usual spectral sequence induced by a double complex; see for instance [3] , 
jSJ. The double complex we take is the residual Cech double complex 

(C 3 (U,2oxo\(-)),5,d) 

induced by an invariant open cover U = {B a } a of B; where 5 is the Chech differential 
induced by the restrictions, and d is the usual differential operator. We define U as follows: 
First take the complement of the fixed points' set X = X — X s ; we ask B = tt(Xq) to 
be in U. Second, for each fixed point iGlwe take a modelled chart 

a : U a x c(L) — > X 

in the stratum S containing x\ such that x G U a . We ask the UaS intersecting S to be a 
good cover of S. We take 

B a = 7r(Im(a)) = U a x c(L/§ 1 ) 
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Since the sheaf £oto_(— ) vanishes identically on Bq\ the second term of the spectral 
sequence is 

So V* = 7Y£otD_(— ) is the desired presheaf. The remarks on the stalks are immediate 
from g£B jLl 9 □ 

7.7. Exceptional actions A modelled action $ : S 1 x X — > X is exceptional if the 
links of X have no perverse strata; i.e., if any perverse stratum of X is a closed (minimal) 
stratum. 

Corollary 7.8. For any exceptional action $ : S 1 x X — ► X we have 

(17) H' {Zoto^B)) = H H*(S^(e L )) 

s 

where S runs over the perverse strata and H*(S, Jm-(ei)) is the cohomology of S with 
values on a locally constant presheaf with stalk 

the kernel of the multiplication by the Euler class El G H^L/E* 1 ) of the link L of S. 

Proof. If the link L of a perverse stratum S has no perverse strata, then the stalk 
7-T£orD_(— ) vanishes for i ^ q(S) — 1 (so it is a single presheaf). The equality fTTjl 
is straightforward, since the perverse strcitci are disjoint closed subsets. □ 
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